The cross-correlations of ambient noise or earthquake codas are massively used in seismic tomography to measure the dispersion curves of surface waves and the travel times of body waves. Such measurements are based on the assumption that these kinematic parameters in the cross-correlations of noise coincide with those in Green's functions. However, the relation between the cross-correlations of noise and Green's functions deserves to be studied more precisely. In this paper, we use the asymptotic analysis to study the dispersion relations of surface waves and the travel times of body waves, and come to the conclusion that for the spherically symmetric Earth model, when the distribution of noise sources is laterally uniform, the dispersion relations of surface waves and the travel times of SH body-wave phases in noise correlations should be exactly the same as those in Green's functions.
Introduction
The method of noise cross-correlation was originally used in ultrasound acoustics [1] , based on the fact that Green's function can be retrieved from the crosscorrelation of the diffuse wave fields. The pioneering work of Campillo & Paul [2] and Shapiro & Campillo [3] treated seismic codas and ambient noise, respectively, as diffuse wave fields, and brought this method into seismology. After that, this became one of the most rapidly developing methods in seismic tomography, which has been massively used to measure dispersion curves in surface waves and travel times in body waves (e.g. [4] [5] [6] [7] [8] [9] [10] [11] ). In the acoustic case, it is easy to link the noise cross-correlations with Green's functions. According to Weaver & Lobkis [12] , the derivative of the noise cross-correlation should resemble Green's function. However, this is quite different in the seismological case. On the one hand, as stated in Montagner et al. [13] , the cavity equation for scalar acoustic waves is no longer valid in the elastic case. On the other hand, it is often assumed that the noise sources are uniformly distributed in the entire medium when discussing the noise cross-correlation for acoustic waves, which is far from realistic in the seismological case. Actually, the sources are usually considered to be concentrated on the free surface of the Earth [14] . These complications put a question mark over the validity of the measurements of the dispersion curves of surface waves and the travel times of body waves (both of which we refer to as the kinematic parameters in our paper, following [15] ) using the cross-correlations of seismic noise. This requires careful consideration as we extend the results in the acoustic case to the seismological case.
Many theoretical works have been conducted to help us understand the noise cross-correlation method in the seismological background, most of which fall into one of two categories. The first is pure theoretical analyses. For example, Snieder [16, 17] used stationary phase approximation to understand why Green's functions can be extracted from the cross-correlations of seismic noise; Wapenaar [18] and Wapenaar & Fokkema [19] applied the reciprocity theorem to conclude that Green's functions can be perfectly retrieved from the cross-correlation of noise provided that the noise sources are evenly distributed on a surface enclosing the receivers and the media outside the surface are homogeneous; Tsai [20] used a two-dimensional (2D) plane wave to demonstrate why we can use the noise cross-correlations to replace seismograms in phase velocity measurements. Despite the simplification of the 2D model, it provides a solid foundation for the application of surface waves in the three-dimensional (3D) space noise cross-correlations, as surface waves in 3D space can be described by 2D Helmholtz equations [21, 22] , based on early studies of [23, 24] . Although these theoretical studies offer us an intuitive understanding of the nature of the noise cross-correlation method, it may still be meaningful to try to draw more generalized conclusions using models that are more comparable to reality. The second is numerical studies. For example, Cupillard & Capdeville [14] used the numerical approach to simulate the results of noise cross-correlations and demonstrated the influence of the non-uniform distribution on the amplitude of the cross-correlations; Tromp et al. [25] applied the method in adjoint inversion, to calculate the sensitivity kernels of the noise cross-correlation, and provided a framework for the waveform inversion using interferometry; Fichtner [26, 27] systematically studied the impact of noise sources, structures and the whitening process on the sensitivity kernels. The numerical approaches can be easily adapted to the complex scenarios and can provide us with quantitative results. But, it is still very interesting to give the phenomena we observe in numerical experiments a theoretical explanation.
The efforts mentioned above provide us with insights on the noise cross-correlation method, and guidance on how to use noise cross-correlations in seismic tomography. However, more work can be done to form a strict and compact system for extracting dispersion relations and travel times and using these features in seismic tomography. In dispersion and travel time inversions using seismic waves, we usually start with a simple reference model (one-dimensional model) in which the dispersion relations and travel times can be obtained easily, and then the perturbation theories (e.g. [28, 29] ) enable us to calculate the changes in phases or travel times due to the change in structure. If we want to follow a similar path to analyse the noise cross-correlations, it is crucial to find a proper reference model for which theoretical analysis can be carried out, and the realistic case can (at least to some extent) be viewed as a perturbation to this reference model.
Tanimoto [30] obtained the formulae for the semi-analytical simulation of noise crosscorrelations when the Earth structure is spherically symmetric and the noise sources are laterally homogeneously distributed (which we refer to as the spherically symmetric case throughout the paper), but neither numerical results nor analysis for travel times and dispersion relations were provided. We use asymptotic methods [31, 32] in this paper to study the dispersion relations of surface waves and travel times of SH body-wave phases in noise cross-correlations and conclude that these kinematic parameters in noise cross-correlations are exactly the same as those in Green's functions. This implies that the spherically symmetric model may actually serve as the reference model we mentioned above. Our work differs from previous studies in four aspects: (i) the framework of theoretical global seismology is used to analyse the dispersion relations and travel times in noise cross-correlations; (ii) we leave out the resemblance between the waveform of noise cross-correlations and that of seismograms, and we only focus on dispersions and travel times; (iii) we deal with the stratified Earth model and the layered distribution of noise sources, and thus our model is closer to the realistic case; and (iv) the impact of attenuation and the length of time window is taken into account.
2. Normal-mode representation of noise cross-correlation in the spherically symmetric case
In this section, we show the formulae for noise cross-correlations. First, we consider the most general case, and then we focus on the spherically symmetric case. Note that what we are interested in is actually the 'ensemble-averaging cross-correlation', as in Tromp et al. [25] . But, in this paper, we will refer to it as 'noise cross-correlation' for convenience. Suppose that the noise sources are in the form of body forces distributed in the Earth. Then the displacements recorded at stations x and x in the frequency domain will be [31] 
in which f (x 1 , ω) and f (x 2 , ω) are body force densities in the frequency domain at locations x 1 and x 2 , and G(x 1 , x 2 , ω) is Green's function, a second-order tensor, representing the displacement response at location x 1 to a pulsing body force at x 2 . The symbol '⊕' means the integral is conducted over the entire Earth. 'a · b' denotes the dot product of two tensors a and b.
Assume that the noise sources are 'spatially uncorrelated' [25] , then the ensemble average of the cross-correlation of the two displacements is
where S(x , ω) is the power spectral density of the noise source at x . Note that C is a secondorder tensor with nine components, and · denotes the ensemble average. In this paper, the star ' * ' on the superscript means the complex conjugate, 'ab', denotes the dyad of tensors a and b. Throughout this paper, for simplicity, we use the same notation to denote a time-dependent quantity in the time and frequency domain, only with the variable in the bracket to differentiate them. For example, for a quantity A, A(t) means it is represented in the time domain, and A(ω) in the frequency domain. Following Dahlen & Tromp [31] , the forward and inverse Fourier transform is
3)
The normal-mode representation of Green's function has been well studied in seismology (e.g. [33] [34] [35] ), which we will use to carry out our derivations. In the frequency domain, Green's function can be written as the summation of normal modes as (Fourier transform of eqn (6.164) in Dahlen & Tromp [31] )
in which s k are the normal modes. The geometry of the two stations and the local coordinate system implemented in this paper. x and x are the positions of the two stations on the free surface of the Earth, is the angular distance between them, which is the angle of the minor arc along the great circle. φ a and φ b are the azimuth and the backazimuth, which are the angle between the meridians at two stations and the minor arc linking the two stations, measured counter-clockwise from the south. {Ẑ,R,T} and {Ẑ ,R ,T } are the basis of local ZRT coordinates at x and x , respectively. O is the centre of the Earth.
Substituting (2.4) into (2.2), we obtain the normal-mode representation of noise crosscorrelation
where
and (2.2) and (2.5) are general representations of noise cross-correlation, using Green's function and normal-mode summation, respectively. Note that these formulae are valid no matter the medium or the distribution of noise sources, as long as the noise sources are spatially uncorrelated. Next, we show the solution for noise cross-correlation with the spherically symmetric assumption. Thanks to the work of Phinney & Burridge [36] , for the spherically symmetric Earth model, the modes can be expressed elegantly using generalized spherical harmonics (GSHs). This technique is rapidly used in seismology (e.g. [37] [38] [39] ). Using this expression, each mode (spheroidal or toroidal) is identified by three indices, n(= 0, 1, 2, . . .), l(= 0, 1, 2, . . .) and m(= −l, −l + 1, . . . , l), and is linked to a set of radial eigenfunctions, an eigenfrequency and a parameter for attenuation. We assume that the Earth structure is spherically symmetric and the distribution of noise sources is laterally uniform hereafter. Following Dahlen & Tromp [31] and Yang et al. [39] , we can use the normal-mode theory and the additional theorem of GSH [40] to obtain the final form of noise cross-correlation
It should be noted here that, due to the spherical symmetry, the terms that correspond to the cross-correlations of modes with different ls vanish because of orthogonality of the GSHs. G is related to the geometry of the positions of two stations x and x . The detailed expressions of its components in terms of radial eigenfunctions and the GSHs in the local ZRT coordinate can be found in appendix A. As the Earth model and the distribution of the noise sources are spherically symmetric, it depends on the radii of the two stations r and r and the angular distance between them (figure 1). S is related to the properties of the sources, the expression of which is given in appendix A. T corresponds to the time-dependent term arising from the cross-correlation, We list here the representations of T in the time domain when different assumptions about attenuation and the length of the time window are made. As T nn l (t) = T n nl (−t), we only discuss the causal part for simplicity. The most general form for T is
in which {·} is the real part of a complex variable and T w is the time window. Let T w → ∞, then
Let σ nl = σ n l = 0 and ω nl T w 1 in (2.9), then we have
The above equation is the diagonal time-dependent term used in Tanimoto [30] and Montagner et al. [13] , which is valid when attenuation is neglected and the time window is sufficiently long. We note that, no matter which kind of time-dependent term we choose, in the frequency domain it can always be written as
The expression of T 0 nn l (ω) can be found in appendix A. Writing the time-dependent term uniformly as (2.12) will simplify our discussion in studying the dispersions of the surface waves. We use the simplest form (2.11) in the body-wave representation, because we only care about the travel time of each phase and thus we can ignore the effect of attenuation and the finite time window. As the choice of T w is rather ambiguous, we use the form independent of T w (2.10) in numerical calculations. We will see that the theoretical travel times predicted using (2.11) match perfectly with the phases in the theoretical sections calculated using (2.10).
Tanimoto [30] derived the solution for noise cross-correlation assuming that the noise sources are vertical body forces, the time window is sufficiently long and the attenuation can be neglected. Montagner et al. [13] allowed for different types of body forces, and also left out the effect of attenuation and the time window. We show similar but more comprehensive results in this section, with the inclusion of horizontal body forces, attenuation and finite time windows. A more detailed derivation is provided in the electronic supplementary material. Roux et al. [41] found that the time derivative of noise cross-correlation is proportional to Green's function with a constant. However, when comparing the expression of noise cross-correlation (2.7) and that of Green's function, this does not hold for the spherically symmetric case. As we mainly care about dispersion relations and travel times instead of the entire waveform, we will use the results in this section to carry out asymptotic analysis on the dispersion relations and travel times in noise cross-correlations next.
Dispersion relations in noise cross-correlations
The conclusion that the dispersion relations in noise cross-correlations are the same as those in seismic records has been verified by observations (e.g. [3] ) and numerical simulations (e.g. [14] ). However, it is still important that we investigate it theoretically. Tsai [20] used a 2D plane wave to explain why this assumption holds. We seek a theoretical explanation in the framework of 3D global seismology here.
In this section, we attempt to show that, in the spherically symmetric case, we can obtain exactly the same dispersion curves in noise cross-correlations as in seismic records. Figure 2 . The integration path and poles on the Riemann plane of k. Γ is the integration path used in this paper. ±ξ n are the poles of the integrands. We can close the contour with a semicircle at infinity of the lower semi-plane. Poles ξ n lie inside the contour, while −ξ n lie outside.
technique we use here is transforming the summation of modes into the summation of travelling waves, which includes two steps: first converting the sum over mode index l into an integral over wavenumber k using the Poisson sum formula [42] and then replacing the Legendre function P, which describes standing waves into the Legendre function of the first and second kinds Q (1, 2) , which describes travelling waves. This technique was introduced into seismology by Gilbert [43] . It has been used extensively (e.g. [44, 45] ) and was reviewed comprehensively in ch. 11 of Dahlen & Tromp [31] . If we manage to express the noise cross-correlation in terms of the dispersive travelling wave with attenuation
where x is some metric of distance (in the case of a global surface wave, it will be the angular distance along the great circle), then k = k(ω) is the dispersion relation (the relation between wavenumber and frequency) and β is the parameter of attenuation. First, we write here the travelling-wave decomposition that enables us to transform the sum over l into the integral over wavenumber k,
2 ) (which we refer to as f l is extended to f (k)) and Q (1, 2) ν are the Legendre functions of the first and second kind. The derivation of equation (3.2) can be found in [31, 32, 42, 43] . Note that the path of integration has several equivalent choices, we follow [31] to let it lie just beneath the real axis (Γ in figure 2 ). Here represents the angular distance between the two stations, so ∈ [0, π ].
In order to apply the travelling-wave decomposition (3.2) to (2.7), we introduce a differential operatorG nn l (x, x ) such thatG
The expression forG and its approximation when l 1 are shown in appendix B. As the eigenfunctions U nl (r), V nl (r), W nl (r) can be extended to U n (r, k), V n (r, k), W n (r, k), also the eigenfrequency ω nl and the parameter for attenuation σ nl can be extended to ω n (k) and σ n (k), 
In order to calculate the integrals, we close the contour with the arc at infinity (figure 2), and we only need to consider the poles of the integrand beneath the real axis of the Riemann plane of k. The only poles of the integrand on the lower semi-plane are k = ξ n , where
In the weak attenuation limit
where k n is the wavenumber satisfying the dispersion equations without attenuation ω n (k n ) = ω, and C n is the group velocity
The residue of the integrand at the pole k = ξ n is
where c n is the phase velocity. Thus, the integral in (3.5) can be evaluated analytically
Then we take k n 1, and, in the limit of weak attenuation, the asymptotic expansion of Q (1,2)
Substituting (3.11) into (3.10), we obtain
where surface wave orbits the Earth. Note that (3.12) has the same form as (3.1); we can then identify that k n is the wavenumber, and k = k n (ω) is the dispersion relation of the surface wave with dispersion branch n in noise cross-correlation, which is also the dispersion relation of the seismic surface wave. Thus we can draw the conclusion that in the spherically symmetric case the dispersion curves (of both Rayleigh and Love waves) extracted from noise cross-correlations are exactly the same as those extracted from the seismograms. However, it should be noted here that the noise cross-correlation has a phase shift compared with the seismic record because T 0 nn is complex. In the most general case, the phase shift is hard to calculate because the phase of T 0 nn differs for different n and n , but for the case when attenuation is neglected and the time window is sufficiently long the phase of T 0 nn is π/2 for all n and n (see equation (A 8)) , and thus the phase shift is π/2. This π/2− phase shift has been documented by Tsai [20] . An equivalent statement to the π/2− phase shift is that the time derivative of the causal part of the noise cross-correlation resembles the opposite number of Green's function, which is concluded in [41] .
Snieder [16] came to a similar conclusion using stationary phase approximation, in which the coupling terms (n = n ) were neglected, and only the stationary contributions (that of the noise sources on the line passing through the two receivers) were taken into account. We make no assumption on the time window and the attenuation, so the coupling terms are not neglected, and all the sources are taken into account. We manage to show that even in this more general case the same conclusion can be obtained.
Travel times of body-wave phases in noise cross-correlations: the SH case
Roux et al. [7] showed that body-wave phases can be extracted in noise cross-correlations, but it is difficult to exploit them in practice because of their low signal-to-noise ratio. Recently, many studies have been conducted on the method of extracting travel times of body waves from noise cross-correlations (e.g. [11, 46] ). Some important discoveries have been made using this method (e.g. [47] ). Theoretical studies have been conducted on the nature of arrivals in noise crosscorrelations [48, 49] . Ruigrok et al. [50] used the reciprocity theorem and numerical simulation to show that global-scale seismic phases can be extracted in noise cross-correlations. In this section, we attempt to reveal the connection between the travel times of body wave phases in the noise cross-correlations and those in the seismograms in the framework of global seismology. For simplicity, we only take the SH component (the toroidal modes) as an example. The technique we use here to decompose the noise cross-correlation into the summation of body-wave phases was introduced into seismology by Ben-Menahem [51] and was further developed by Woodhouse [52] and Zhao & Dahlen [32, 53, 54] . We follow Zhao & Dahlen [32, 54] to write the SH component of noise cross-correlation into the form of a body wave, and then we study the travel time of each body-wave phase. In this paper, if the travel time of a phase in noise cross-correlation is the same as that of a seismic ray, we say that it is physical. We try to show that, in the spherically symmetric case, each phase observed in the SH component of noise cross-correlation is physical. To study the contribution of the noise sources at different depths, we start with the case in which the noise sources are concentrated at some certain depth. We theoretically predict that in this case each phase in the seismogram 'splits' into three in the noise cross-correlation, which agrees with the numerical results. Then we demonstrate that, for the special case in which the noise sources are concentrated on the free surface, these three phases coincide and are physical. Finally, we state that, if the noise sources are distributed radially, only the physical phases can be observed.
We start from (2.7) and make the following simplifications:
(i) The noise sources are concentrated at a certain depth r = R n , and are white in spectrum.
As we do not care about the absolute amplitude, we assume the power spectral density to be 1, without loss of generality. (ii) Attenuation is ignored and the time window is assumed to be infinitely long. Thus the diagonal time-dependent term (2.11) will be used. (iii) We take the limit l 1, which enables us to conduct the asymptotic analysis in the highfrequency approximation. (iv) Triplication does not exist and the distance between two stations is assumed to be far less than the grazing distance to avoid difficulties in mathematical treatment.
Under these assumptions, the SH component of the noise cross-correlation is
in which R a is the radius of the Earth and R n is the radius of the noise sources. It is shown in appendix C that the noise cross-correlation can be written in the sum of phases (see [32] or ch. 12 in [31] for more details)
where the combination {j, k} represents a specific phase in the noise cross-correlation. A body jk is the amplitude term, which absorbs all the effects such as radiation pattern, geometric spreading and reflection. M jk is the Maslov index (see §12.1 in Dahlen & Tromp [31] ), which counts the number of times the ray passes through a caustic. p jk and τ jk are the ray parameter and intercept time, respectively, and τ jk = τ j | p jk . The detailed formulae for τ j can be found in appendix C. The relation between the ray parameter p jk and the angular distance is determined by the stationary phase condition = − dτ j dp p jk . (4.
The travel time T jk of the phase is
The fact that only phases with specific travel times are formed is because noise sources at certain positions have more significant contributions than the others. These positions satisfy the stationary-phase condition. This point was elaborated in [48] . Next, we study the travel times of these phases and see if they are physical.
It can be noted that the intercept time of each phase in noise cross-correlation can be written as the sum of or the difference between the intercept times of two seismic rays with the same ray parameters, starting at the depth of the noise sources and ending on the free surface
where τ denotes the intercept times of seismic rays from R n to R a . Then from the stationary phase condition (4.3) 6) and the travel time is
where and T denote the distances and the travel times of seismic rays. Equations (4.6) and (4.7) mean that the distance and time of a phase in the noise cross-correlation is the sum of or the difference between those of the two seismic rays (say, A and B), with the same ray parameter, from R n to R a . For simplicity, we call this phase in the noise cross-correlation 'A ± B'. For example, for the phase s + sS (figure 3a ), which can be regarded as the 'sum' of the s ray (blue line) and the sS ray (red line), we have Figure 3 . Ray paths of the phases in the SH component of noise cross-correlation supposing that the noise sources are concentrated at some depth. R a is the free surface, R b is the core-mantle boundary, R n denotes the layer at which noise sources are concentrated. The formula below each figure shows the intercept time of the ray, in which R S is the radius at which the ray turns. Each phase is called the sum of (A + B) or the difference between (A − B, the path of B is denoted by the blue dashed line in this case) two seismic rays A (red lines) and B (blue lines), starting at the depth of the noise sources and ending at the free surface. The phases labelled by letters with no prime are physical, meaning that these phases can be found in seismograms. Those labelled by letters with single or double prime do not coincide with any seismic phases. Note that, when the noise sources are concentrated on the free surface (R n = R a ), the paths of phases with single and double prime become the same as those without prime and thus all phases are physical.
We take 12 phases in the noise cross-correlation and analyse them as examples. We show the ray paths of these phases ( figure 3 ) and identify them in the synthetic sections (figure 4). We note that those phases labelled with a letter without prime are physical (the phases (a) s + S, (b) S + sS, (c) s + ScS and (d) ScS + sScS in the noise cross-correlation have the same travel time as seismic phases S, SS, ScS and ScSScS, respectively), which can be seen from the ray paths as well as in the theoretical sections. The phases with single or double prime are not physical. In the synthetic sections, the phases with single prime lie below the physical phases, and those with double prime lie above the physical phases ( figure 4) . Thus it appears that a phase in the seismogram 'splits' into three in the noise cross-correlations: one remains at its original position (without prime), one .7), with the time-dependent term being (2.10). The structure of the Earth is set up according to the PREM model [55] , and the eigenfunctions of the normal modes are calculated using the MINEOS package [56] . The red dotted lines are theoretical travel time curves of the phases calculated according to (4.6) and (4.7), with the TauP toolkit [57] . To denote each phase, we write in green its label in figure 3 on its travel time curve. The travel times of phases without prime coincide with (a) S, (b) SS, (c) ScS and (d) ScSScS and thus are physical. Note that when the noise sources are concentrated on the free surface, all the phases in noise cross-correlations are physical. As the noise sources get deeper, the phases without prime stay at the original position, the phases with single prime go below and those with double prime go above. It seems that one seismic phase 'splits' into three when noise sources are concentrated at some depth below the free surface. When the noise sources are homogeneously distributed in the entire Earth, only the physical phases can be observed.
lies below the original position (with single prime) and one lies above the original position (with double prime). As the depth of the noise sources R n increases, the three phases move further from each other. And when the noise sources are concentrated on the free surface (R n = 0), the three phases lie together and all of them are physical. It should be noted that the interpretation of a phase in the noise cross-correlations as the sum of the difference between two seismic rays is quite arbitrary, as one phase can be interpreted in many ways. For example, s + S can also be interpreted as sS − s, s + sS is the same as sSS − S, S + S is the same as sSS − s, etc. may produce non-physical travel times in noise cross-correlations. This is essentially the same phenomenon as the 'cross-terms' that arise from multiple reflection or scattering [48, 49] . Finally, suppose that the noise sources are not concentrated at some depth, but are distributed with depth, then the noise cross-correlation should be the total contribution of the noise sources at different depths. As the positions of the non-physical splitting phases (labelled with single or double prime) change with depth, but the physical ones (labelled without prime) do not, only the physical phases would be visible. For a special case, in which the noise sources are homogeneously distributed in the entire Earth, the synthetic section of noise cross-correlation is shown in figure 4d . As expected, all the phases are physical in this case. In fact, this special case is quite similar to the acoustic case, and this has been discussed in Tromp et al. [25] . In addition, if the noise sources are not perfectly concentrated on the free surface, but distributed within a shallow layer below the surface (this is possible when micro-seismicity and scatterers are treated as noise sources), the non-physical splitting phases contributed by sources below the free surface at different depths lie just beside the physical ones. In this case, one may observe oscillations beside the physical phases in noise cross-correlations. This oscillatory feature can be observed in some results of real data (e.g. [9, 11] ). Although other factors such as finite stacking times and lateral heterogeneity may lead to such a phenomenon as well, the contribution of noise sources below the surface may also be a plausible explanation for it.
To summarize, we state again the features regarding the travel times of the phases in the SH component of the noise cross-correlations studied in this section:
(i) if the noise sources are concentrated on the free surface, all the phases in noise crosscorrelations are physical; (ii) if the noise sources are concentrated at some depth below the free surface, one seismic phase will split into three in noise cross-correlations, one of which is physical and the other two are non-physical, and it splits further as the noise sources become deeper; and (iii) if the noise sources are distributed with depth, the total contribution of noise sources at different depth phases will make the non-physical phases invisible, only the physical ones can be observed.
Also, it should be noted here that we only discuss the SH component for simplicity, but a similar approach can also be applied to P-SV component.
Conclusion and discussions
The method of extracting kinematic parameters in noise cross-correlations has been greatly developed during the past decade, and it has become one of the most popular techniques in seismic tomography. This method relies on the hypothesis that the kinetic parameters extracted in the noise cross-correlations coincide with those extracted in the seismograms. This coincidence has been investigated through theoretical studies, observations and numerical simulations, but a strict discussion for a model that is close to seismological practice is of significance. In this paper, we seek to study the dispersion relations and travel times in the noise cross-correlations in the case that the Earth model and the distribution of noise sources are spherically symmetric. We use the travelling-wave decomposition to study the dispersion relations in the noise correlations and conclude that they are the same as those in seismograms. Also, we apply the mode-sum to raysum transformation to the SH component of noise cross-correlations and study the travel times of the phases. We show that these travel times are also the same as those in seismograms.
In this paper, we focus on the kinematic features and completely leave out the discussion of the waveform. Even though the phases exist at the physical travel time, the amplitudes of different phases vary significantly (e.g. the abnormally large amplitudes of the ScS and P'P'df phases observed and studied in [11, 58, 59] ). The important issue of the amplitudes of different phases in noise cross-correlations may also be studied using the mode-sum to ray-sum transformation. Certainly, the assumption of spherical symmetry is quite strong. What matters most is how the cross-correlations of noise behave when the medium structure and the source distribution are not laterally uniform. Many previous studies have reported discrepancies between the dispersion curves measured in noise cross-correlations and seismograms based on observations (e.g. [60] [61] [62] [63] ). Those discrepancies may be better accounted for when deviation to the spherically symmetric model is considered. Nevertheless, the spherically symmetric case can serve as a reference model, or an approximation to the lowest order of the realistic case. Studies for more complicated cases are expected to be carried out using the perturbation theory.
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) where U, V and W are radial eigenfunctions and P are the generalized spherical harmonics.
The expression of the source term S is where S rr , S θθ and S φφ are diagonal components of the power spectral density tensor S defined in equation (2.2) . All the equations of T in the time domain (2.9)-(2.11) can be represented by
where A is independent of t, and in equation (2.11) σ nl = 0 because attenuation is neglected. As we only consider the causal part, it only holds for t ≥ 0, and we can set T nn l (t) = 0 for t < 0. Conduct Fourier transform for the causal part
Then we can obtain equation (2.12) by denoting will meet our demand. Then the noise cross-correlation in the frequency domain is
Next we use the travelling-wave decomposition (3.2), and only preserve the wave that travels along the minor arc,
ωp−1/2 (cos ) dp p ,
where p = k/ω denotes the ray parameter. Now we use the asymptotic radial function (eqn (17) in Zhao & Dahlen [54] ),
where μ(r) is the shear modulus, and η(r, p) = β −2 − p 2 r −2 is the vertical slowness. Here β denotes the velocity of the S wave. R S is the maximum radius r that satisfies r ≥ pβ, which is actually the radius at which the ray turns. δ S is the phase shift when passing through the caustics. δ S = −π/2 for turning S waves and δ S = 0 for ScS waves. C is the normalizing constant which guarantees the normalizing condition. Thus the radial functions evaluated at R a and R n are
where We substitute the asymptotic representation (3.11), (C 7) and (C 9) into (C 4), and we obtain C (x, x , ω) e −iNΦ S dp . (C 10)
We expand the product into the sum of exponentials, for j > 3. c j is a constant that equals 1, 2 or 4. N j is some integer that counts the time of the phase shifts. According to the saddle-point approximation, the integral over p can be approximated by the summation of the contributions at the saddle points. As we want to focus ourselves on the travel times of the rays and ignore the amplitudes and the phases, we only formally write the result as (4.2).
